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Abstract. The octonionic flag manifold F/(0) is the space of ah pairs in OP^ x OP^ 
(where OP^ denotes the octonionic projective plane) which satisfy a certain "incidence" 
relation. It comes equipped with the projections 7ri,7r2 : Fl{0) OP^, which are OP^ 
bundles, as well as with an action of the group Spin{8). The first two results of this paper 
give Borel type descriptions of the usual, respectively S'pm(8)-equivariant cohomology of 
Fl{0) in terms of tti and tt2 (actually the Eulcr classes of the tangent spaces to the fibers of 
TTi, respectively 7r2, which are rank 8 vector bundles on Fl{0)). Then we obtain a Goresky- 
Kottwitz-MacPherson type description of the ring H^^^^f^g^^ {Fl{0)). Finally, we consider the 
S'pm(8)-equivariant iiT-theory ring of Fl{0) and obtain a Goresky-Kottwitz-MacPherson 
type description of this ring. 
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1. Introduction 

Let O denote the (normed, unital, non- commutative and non-associative) algebra of octo- 
nions and let OP^ be the octonionic projective plane (see for instance [Ba] , jF?] . |Muj ) . This 
space is an important example in incidence geometry. It turns out that there exists a natural 
identification between the space of lines in OP^ and OP^ itself. The octonionic flag manifold 
PZ(0) is the space of all pairs {p,i) G OP^ x OP^, where p is a point and i a line, such 
that p and i are incident (see Definition 12.1.11 below). Both OP^ and Fl{0) carry natural 
structures of differentiable manifolds. More precisely, we have the natural identifications 

(1.1) 0P2 = FjSpin{9), Fl{0) = FjSpin{8), 

where P4 denotes the compact, connected, simply connected Lie group whose Lie algebra 
is the (compact) real form of the complex simple Lie algebra of type P4. We consider the 
natural OP^-bundles 711,712 : Fl{0) OP^ given by 

7ri(p, £) := p and 7C2{p,i) := i. 

Let also £1 and S2 denote the rank 8 vector bundles on P/(0) given by 

(1.2) Slip J) ■= TMTTi'ip), S2{pJ) := T^p,e)7v,\e) 

for all [p, i) G P/(0). Our first result concerns the integral cohomology ring of Fl{0). Before 
stating it, we make the following convention, which will be used throughout this paper: if it 
is not specified, the coefficient ring of a cohomology group is M. 

Theorem 1.1. We can orient the bundles Si and S2 in such a way that the ring H*{FI{0); Z) 
is generated by |(2e(£^i) + e(£^2)) o^nd |(e(£^i) + 2e{S2)), the ideal of relations being generated 
by 

Q(2e(fi) + e{S2)), ^(-e(fi) + e{S2)), -^(e(fi) + 2e(^2))) = 

i = 2,3. Here e{Si) and e{S2) are the Euler classes of the bundles Si and S2 and S2 and 
denote the second and third elementary symmetric polynomials in three variables. 

This theorem will be proved in Section [31 

We also study the topology of P/(0) from the point of view of the action of the group 

M := Spin{8) 

induced canonically by Equation (11.11) . More precisely, we are interested in the equivariant 
cohomology ring Hlj[Fl{0)). We recall that this ring has a natural structure of H*[BM)- 
module, which is defined as follows: we pick a point Xq € Fl{Q) which is fixed by the M 
action and consider the map P* : H*{BM) = if|^({xo}) if^(P/(0)) induced by the 
constant map P : Fl{0) {xq}. We define 

f3.a := P*{(3)a, 
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for all (3 G H*{BM) and all a G Hlj{Fl{0)). It is worth noting that, since M is a compact 
Lie group of rank four, H*{BM) is a polynomial ring with four generators. More precisely, 
we have 

H*{BM) = H*{BT)^^, 
where T C M is a maximal torus and Wm the Weyl group of the pair (M, T). This gives 

(1.3) H*{BM) =R[ui,U2,U3,u^], 

where Ui has degree 4, U2 and have degree 8, and has degree 12 (cf. jHuj Section 3.7]). 
The group H*{BM; Z) is described in |Kon] : we note that it contains 2-torsioned elements, 
and this is the reason which prevented us from discussing the M-equivariant cohomology 
with integer coefficients in this paper. 

Our first result concerning the ring ifj^(F/(0)) is stated below. The vector bundles 
Si and S2 are M-equivariant and orientable, so we can associate to them the equivariant 
Euler classes eM{Si) and eMiSi)-, which are elements of Hlj{Fl{0)). We also consider the 
equivariant Euler classes 

bk '■= eM{Sk\xo), 

k = l,2, which are elements of Hlj{{xo}) = H*{BM). 

Theorem 1.2. We can orient the bundles Si and S2 in such a way that, as a H*{BM)- 
algebra, Hl^{Fl{0)) is generated by cm^Si) and 6^(^2)7 the ideal of relations being generated 
by: 

(1.4) S,{2eM{Si) + eM{S2), -eM^Si) + 6^/(^2), -(e*/ (^1) + 26^/(^2))) 

= 5,(261 + 62, -&i + &2,-(&i + 262)), 

z = 2,3. As before, S2 and S3 are the elementary symmetric polynomials of degree two, 
respectively three, in three variables. 

We prove this theorem in Section m 

The second result about Hlj{Fl{0)) gives a Goresky-Kottwitz-MacPherson type presen- 
tation of this ring (cf . |Go-Ko-Ma] , where formulas for the equivariant cohomology of certain 
spaces with actions of tori have been obtained). We will see that the fixed point set of the 
M action on Fl{0) can be identified with the symmetric group S3. We set 

ei2 := bi, 623 ■= b2, := bi + 62- 
The following result will be proved in Section [51 
Theorem 1.3. (a) The (restriction) map 

I* : Hlj{Fl{0)) ^ /7;,(S3) = n H*{BM) 

induced by the inclusion z : S3 = F/(0)*'^ ^ Fl{0) is injective. 
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(b) The image ofi* consists of all ordered sets {f„) G rio-eEg H*(BM) such that fa — f{i,j)a 
is a multiple of Cij, for all a G S3 and all i,j with 1 < i < j < 3. Here (1,2), (2,3) and 
(1,3) denote the obvious elements (transpositions) 0/S3. 

The last main result of the paper concerns the M-equivariant iiT-theory ring of Fl{0). By 
the "equivariant i^'-theory ring" of a M-space we always mean the Grothendieck group of all 
topological M-equivariant complex vector bundles over that space, with the multiplication 
induced by the tensor product (for more details, we refer the reader to [Sfij)- To describe 
this ring for Fl{0), we need some information about the (complex) representation ring 
R[M] of M. It is known (see for instance |Adj ) that the ring R[Spin{8)] is the polynomial 
ring generated over Z by Xi, X2, X^, X^, which are as follows: the two complex half-spin 
representations, the canonical representation of 5*0(8) on composed with the covering 
Spin{8) SO (8), and the complexified adjoint action. Our result is a Goresky-Kottwitz- 
MacPherson type description of the ring Km{FI{0)). 

Theorem 1.4. The canonical homomorphism 

Km{FI{0)) ^ Km{^3) = n = n ^[Xi,X2,Xs,X4 

induced by the inclusion S3 = Fl{0)^' ^ Fl{0) is injective. Its image consists of all 
iU) ^ riaGSa ^^1,^2, X3, X4] such that fa - f(ij)a is a multiple of Xi - Xj, for all a e T.3 
and all i,j with I < i < j < 3. Here (1,3), (2,3) and (1,2) have the same meaning as in 
Theorem \1.3[ 

A proof of this theorem can be found in Section [61 

Remark. The space Fl{0) is a generalized real flag manifolds. By definition, such a 
manifold is an orbit of the isotropy representation of a Riemannian symmetric space (for more 
details, see Appendix [B]). The cohomology ring of the principal orbits of these representations 
was computed by Hsiang, Palais, and Terng in [Hs-Pa-Tb] . An important class of such 
manifolds consists of those with uniform multiplicity 2, 4 or 8: these are the principal 
adjoint orbits of compact Lie groups, the quaternionic flag manifold FZ„(EI), and FZ(0). 
The descriptions given in |Hs-Pa-T^ show that the cohomology ring of each of those spaces 
is expressed by a Borel type formula, that is, it is isomorphic to the coinvariant ring of a 
certain Weyl group. The spaces F/„(]HI) and F/(0) admit natural group actions similar to 
the action of a maximal torus on an adjoint orbit (e.g., for Fl{0) this group is Spin{8), 
see above). The equivariant cohomology and equivariant i^-theory of a principal adjoint 
orbit with the action of a maximal torus is well understood (see |Kos-Kuj ) . A natural goal 
is to decide whether F/„(]HI) and Fl{0) behave like adjoint orbits also in the equivariant 
setting. Positive answers have been given for F/„(EI) from the point of view of equivariant 
cohomology (see |Ma2] ) and equivariant i^'-theory (see |Ma-Wij ) . In this paper we discuss 
the remaining space, which is Fl{0). 



TOPOLOGY OF THE OCTONIONIC FLAG MANIFOLD 



5 



2. The octonionic flag manifold 

The goal of this section is to define the fiag manifold Fl{0) and discuss some of its basic 
properties. For reader's convenience we have included an appendix (see Appendix |A]) where 
the complex fiag manifold F/3(C) is discussed in a way appropriate to serve us as a model 
here. 

2.1. Fl(0) via the Jordan algebra ([)3(0), o). We first recall that by definition, the space 
O has a basis consisting of the elements ei = 1, 62, . . . , eg] these satisfy certain multiplication 
rules which make O into a non-associative algebra with division (for more details, see |Bat 
Section 2]). Let 

P = Xi+ ^262 + . . . + XgCg 

be an element of O, where xi, 0:2, . . . , xs G M. We define its real part 

Re(p) = Xi, 

its conjugate 

p= xi- X2e2 - ... - xses, 

as well as its norm |p| given by 

\pf = p ■ p = xj + xl + . . . + xl- 

Let us consider 

( / xi p q \ 
1)3(0) := <j p X2 r : p,g,r e O, Xi,X2,Xs G 1 
( \ q f X3 / 

the space of all 3 x 3 Hermitian matrices with entries in O. This is closed under the usual 
matrix multiplication. 

Definition 2.1.1. (a) The octonionic projective plane OP^ is the set of all matrices a G 
[)3(0) with 

c? = a and tr(a) = 1. 

(b) The octonionic fiag manifold Fl{0) is the set of all pairs (a, b) G OP^ x OP^ with 

Re(tr(a6)) = 0. 

In the language of incidence geometry, this condition says that the "point" a and the "line" 
b are "incident" (see for instance Section 7.2]). 



We equip f)3(0) with the M-linear product^ 



aob := —{ab + 6a), 
2 



for all a, 6 G t); 



""^The pair (f)3(C!)), o) is actually a Jordan algebra (cf. |Ba| . [Ff]V 
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Definition 2.1.2. The group consists of all ^.-linear transformations g of f)3(0) such 
that 

g.{aob) = (g.a) o (g.b), 

for all a,b ^ f)3( 



The following is a list of properties of the group F4 which will be needed later. The details 
can be found for instance in |Muj . and [Adj . 

• The group F4 is a compact, connected, simply connected Lie group whose Lie algebra 
is the compact real form of the complex simple Lie algebra of type F4. 

• For any a G f)3(0) there exist g E and xi, X2, X3 G M such that 

Xl>X2> X3 

and 

/ xi 
g.a = I 0:2 
V X3 

The numbers a;i,a;2,a;3 are uniquely determined by a. 

• We have 

tr(5f.a) = tr(a), 

for all g e Fi and all a G P)3(0). 

• We have 

(2.1) g.I = I. 

for any g G -F4. Here / denotes the diagonal matrix Diag(l, 1, 1). 

• Denote by c) ~ the space of all diagonal matrices in f)3(0). We have 

(2.2) {(? G F4 : g.x = x for all x G c)} ~ Spin{8) 

• The space OP^ is the F4 orbit of 

d^■.= 

The stabilizer of di is isomorphic to the Lie group Spin{9). Thus we have the iden- 
tification 

= FjSpin{9). 

We also have the following description of Fl{0). 

Proposition 2.1.3. The (diagonal) action of F4 on Fl{0) is transitive. If 


d.s := I 
1 
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then the stabilizer of {di,ds) is isomorphic to the group Spin{8) given by Equation h2.2^) . 
Thus we have the identification 

Fl{0) = FjSpiniS). 

Proof. The transitivity of the F4 action follows from [Frj, Sections 7.2 and 7.6]. The second 
assertion follows from the fact that g E F4 fixes D pointwise if and only if it fixes di and d^ 
(by Equation i^J^)). □ 

Let us now consider the maps 1^1,1^2 '■ Fl{0) OP^, given by 

7ri(a,6) := a, n2{a,b) := b, 

for all (a, 6) G Fl{0). From the previous considerations we deduce that they are both 
F4-equivariant maps. 

Proposition 2.1.4. The maps tti and tt2 are OP^ bundles. Here, in analogy with Definition 
\2.1.1\ (a), OP^ (the octonionic projective line) is the space of all idempotent elements of 
f)2(0) with trace equal to 1. 

Proof. We show that tti is an OP^ bundle. Since tti is Pj-equi variant, it is sufficient to 
prove that 7rjf^(c?i) = OP^ (because then, if G P4, then T:]^^{g.di) = g.OP^). Indeed, the 
elements of TCi^{di) are of the form (c?i, a), where a G OP^ is such that 

tT{adi) = 0. 

The last equation and the fact that = a implies that 



X2 r 
f X3 

for X2,x^ G M and r G O. The set of all such a with = a and tr(a) = 1 is the subspace 
OP^ of {0} X 1)2(0) (the latter being canonically embedded in This finishes the 

proof. □ 

2.2. P/(0) as a real flag manifold. Let [)[](0) be the space of all elements of [)3(0) with 
trace equal to 0. The representation of P4 on the space f}3(0) mentioned in the previous 
subsection leaves invariant. Indeed, let us consider the inner product ( , ) on f)3(0) given 
by 

(a, 6) = Re(tr(a6)), 
for all a, 6 G f)3(0). This product is P4 invariant, in the sense that 

{g.a,g.b) = {a,b), 

for all a, 6 G f)3(0) and g E F4 (see [Ff , Section 4.5]). One can easily verify that i)l{0) is the 
orthogonal complement of / in f)3(0). By Equation (12.11) . P4 leaves f)3(0) invariant. The 
main point of this subsection is that this representation of P4 on [)3(0) is just the isotropy 
representation of the (non-compact) Riemannian symmetric space p6{-26)/-^4- Here p6(-26) 
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is a certain non-compact real simple Lie group whose Lie algebra e6(-26) is a real form of the 
simple complex Lie algebra of type Eq (see [He! Table V, Section 6, Chapter X]). Appendix ICl 
contains more details about this. We extract from there the relevant information, as follows. 
We have the Cartan decomposition!^ 

(2.3) e6(-26) = f4 © f)!](0) 

where f4 is the Lie algebra of F4 and P)3(0) the space of all elements of [)3(0) with trace 
equal to 0. We denote by 0° the space of all elements of D with trace equal to 0. It is a 
maximal abelian subspace of f)3(0). Let us also consider the following subspaces of f)3 

r/0 o\ 

{)^, := <J I r I : r G 



i)y,:= { \ p \ : pe 

and 

[)^3 := < I I : g G 

We have the obvious decomposition 

The spaces fi^^, are in fact root spaces, in the sense that we have 

(2.4) [)^, = {ae f)3(0) : [x, [x, a]] = -fkixfa for all x G 0°}, 

k = 1,2, 3. Here the bracket [ , ] is the usual commutator of matrices and 71, 72, 73 : c)° ^ M 
are described by 

7i(xi,a;2,a;3) := X2 - X3, 

(2.5) 72(xi,X2,X3) := Xi - X2, 

73(Xi,X2,X3) := Xi - X3, 

where (xi,X2,X3) stands for Diag(xi, X2, X3), for any xi,X2,X3 G M with xi + X2 + X3 = 
(for more details concerning Equation (12. 4p . see Appendix [C]). The elements of $ = 
{±7i, ±72, ±73} are the rootqj of -E'6(-26) /-^4 with respect to 0°. We also consider the subsets 

= {71, 72, 73} and = {-71, -72, -73} 

of $. The following proposition concerns the action of F4 on f)3(0) mentioned above. 


















r 





f 








P 





p 























q 




















^This also explains the subscript —26 from eg(_26)- It is the signature of the Killing form of this Lie 
algebra. This form is negative definite on f4 (of dimension 52) and positive definite on (13(0) (of dimension 
26). 

■^Strictly speaking, the roots are ±^(2:2 — 0:3), ±i(xi — X2), and ±5(2:1 — 2:3) (see the end of Appendix [C|) . 
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Proposition 2.2.1. Take Xq = Diag(x5, x^, a;^) G such that x1,X2, and x^ are any two 
different. Then the stabilizer of xq is the group Spin{8) in Proposition \2.1.3l One 
identifies in this way 

(2.6) Fl{0) = F^.xq. 

Proof. An element g & F4 leaves Xq fixed if and only if it leaves the entire 0° pointwise fixed 
(see Proposition lB.il) . By Equation (12. ip this is the same as saying that g leaves d pointwise 
fixed. By Equation (12. 2p . this is equivalent to g E Spin{8). □ 

Consequently Fl{0) is a real flag manifold (see Appendix [B] for more about this general 
notion). We deduce from here that the root spaces f)^j,f)^2, and f)^3 are 5'pm(8)-invariant. 
In fact, the corresponding representations can be described explicitly as follows (see [Ba, p. 
179]): 

• f)7i = ^8, the standard (matrix) representation of 5*0(8) on M^, composed with the 
covering map vr : Spin{8) — > 50(8) 

• 1)72 = ^8 

• '^73 — ^8 

where are the two half-spin representations of Spin(8). 

The Weyl group of -E6(-26) / -^4 with respect to c)° is 

W ■.= {neF4 : n.()° C d^}/Spin{8). 

The obvious action of this group on is faithful. The corresponding group of transformations 
of do is generated by the reflections of 9° = {{xi,X2,Xs) G : Xi + X2 + x^ = 0} with 
respect to the lines ker7i,ker72, respectively ker73. Thus W can be identified with the 
symmetric group E3 which acts on 0° by permuting the coordinates Xi,X2,X3. Consequently 
it also acts on $, by 

(a7)(x) = -fia-^x), 

for all cr G S3, 7 G $ and x G c)°. 

The tangent space to Fl{0) (regarded as a submanifold of euclidean space f)3(0)) at Xq is 

T,,FZ(0) = f)^, + f3^, + f)^3. 
Consider the vector bundles 81,82,^3 on Fl{0) given by 

(2.7) Sklg.xo = 

for any g G F4, k = 1, 2, 3. These are sub-bundles of the tangent bundle of Fl{0). In what 
follows we will show that Si and £2 defined above are the same as Si and £2 defined by 
Equation ([L2D. 

Proposition 2.2.2. The vector bundles Si and £2 defined by Equation ^2. 7| ) satisfy 
^i\g.xo = Tg,x,^'K^^{'n:i{g.Xo)) and £2\g.xo = Tg,x^-,'n:2^{'n:2{g.Xo)) 

for all g & F4. 
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Proof. We prove the first equality. By F4-equivariance, we only need to prove that 

= T(^di,d3)'^i\di). 

Here we have used that Xq corresponds to {di, d^) via the isomorphism (12. 6p . We saw in the 
proof of Proposition 12.1.41 that 7rf^((ii) consists of all 

/ 
a = j 1 — X3 r 
y f X3 

where 2:3 G M and r G O such that = a. This gives 

This is an 8-sphere whose tangent space at (r, X3) = (0, 1) is described by X3 = 0. The latter 
space is just P)^-^. □ 

Since Fl{0) is a real fiag manifold, we deduce from Appendix [B] (especially Theorem IB. 2^ 
that it has a natural cell decomposition 

(2.8) Fi{o) = y a. 

For each a G S3, the cell is invariant under the action of Spin{8) and we have a Spin[8)- 
equivariant diffeomorphism 

(2.9) a ^ [), 

where the sum runs over all 7 G $^ such that cr^^7 G $^ (see Corollary IB. 41) . The following 
result will play an important role in our development: 

Proposition 2.2.3. Each can be identified with C"^'^-* for some number n[a). In this 
way, the canonical maximal torus T of Spin{8) (cf. e.g. \Ad\ Chapter 3] or jBr-tD[ Chapter 
IV, Theorem 3.9]) acts C-linearly on Ca- 

Proof. By the decomposition (12. 9p . it is sufficient to study the action of T on Vs, and 
. The last two representations of Spin{8) are obtained from the first one by (outer) 
automorphisms of Spin{8) (see \Ad\ Theorem 5.6]). Since any of these automorphisms leave 
T invariant, it is sufficient to consider the action of T on Vs. Without giving the exact 
description of T (see the references above), we recall that if tt : Spin{8) 5*0(8) is the 
canonical double covering, then the elements of vr(T) are block diagonal 8x8 matrices 
consisting of four blocks of the form 

cos 6 — sin 6 
sin 9 cos 9 

where 6' G M. If we identify = via 

{xi,X2, . . . , ^7, Xs) = (xi + iX2, . . . , X7 + ixs) 
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then the action of any element of T is given by four copies of a map of the form 

Xi + ix2 ^ (cos 9 + isin 0){xi + 1x2) 

for all Xi + 1x2 G C. This map is obviously C-linear (since the multiplication of complex 
numbers is commutative). 

□ 

Finally, we describe the fixed points of the Spin{8) action on Fl{0). 
Proposition 2.2.4. The fixed point set of the Spin{8) action on Fl{0) = F4.X0 is 

If T G Spin{8) is the canonical maximal torus, then the fixed points of the T and Spin{8) 
actions on Fl{0) are the same. 

Proof. We start with the following claim. 
Claim 1. If a G [33(0) is fixed by T, then a is in 0°. 
To prove this we decompose 

a = Oo + ai + 02 + as, 

where ao G 0°, % G f)^^, j = 1,2,3. Since 0°, f)^i, [3^2 ^^^1 f)^3 are S'pm(8)-invariant (see 
above), all four of oq, cti, a2, are fixed by T. Assume that a is not in d^. Then at least one 
of ai, 02, and 03 is non-zero. Say first that Oi is non-zero. We have 

(2.10) n{g)-ai = ai, 

for all g G T. Here tt : Spin{8) S0{8) is the canonical double covering and "■" is the 
matrix multiphcation. The S0{8) stabilizer of Oi is isomorphic to 5*0(7). Equation fl2.10l) 
says that this stabilizer contains the four dimensional torus tt{T) as a subgroup, which 
contradicts rank(5'0(7)) = 3. If 02 (or 03) is different from 0, the argument we use is 
similar: the representation of Spin{8) on (3^2 = (respectively (3^3 = S^) differs from Vg 
by an (outer) automorphism of Spin{8). 

The claim implies that 

Fi{of c F/(0) n 0° = S3X0. 

For the last equality we have used Section 5 (Hauptachsentransformation von 3)] (see 
also [Mul Section 5, Lemma 1]). On the other hand. Equation (12.21) implies 

F/(0) n 5° c F/(0)^p^"(^). 



This finishes the proof. 



□ 
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3. COHOMOLOGY OF THE OCTONIONIC FLAG MANIFOLD 

Let us consider again the projection maps 7ri,7r2 : Fl{0) OP^ defined by Equation 
fll.2p . We would like to describe tti and H2 by using the identification between F/(0) and 
the orbit F^.xq (see Proposition 12 . 2 . 1 p . To this end, we consider the following two elements 
of 




For each of them, the F4 stabilizer is a copy of Spin(9) which contains the F4 stabilizer of 
Xq] thus, their orbits are both diffeomorphic to OP^. The maps 

Pi : F4.X0 Fi.dl, p2 : F^.Xq F^.dl 

given by pi{g.xo) = g.d!l, p2{g.xo) = g.d^ are well defined. Let us consider the following 
diagram: 

FZ(0) >OP^ 



F4.X0 > F^.d[ 

Here, the vertical arrow in the left-hand side is the F4-equivariant diffeomorphism which 
maps (^1,(^3) to xq (see Proposition 12.2. ll) . The other vertical arrow in the diagram is the 
diffeomorphism given by 

X ^ X /, 

3 

for all X G OP^: it is an Pj-equivariant diffeomorphism too. The diagram is commutative. 
We also have a similar diagram which involves p2 and 712- Thus, if we identify 

P4.X0 = p/(o), P4.rf? = op^ P4.rf3 = op^ 

then we have the following result: 

Proposition 3.1. The maps pi,p2 '■ P/(0) OP^ defined above are Spi'n{8)-equivariant 
OP^ -bundles. The vector bundles Si and £2 defined by Equation l[2. 7p satisfy 

£i\g.xo = Tg.^oPi\Pii9-Xo)) and £2\g.xo = Tg,^^P2^{p2{g.XQ)) 

for all g E F4. 

This proposition is a direct consequence of Propositions 12.1.41 and 12.2.21 
We will use the notation 

X = PZ(0) = P4.X0. 
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Let US consider again the functions 71,72,73 : f° K defined in the previous section 
(actually the restrictions to D° of the functions given by Equation (12.51) ). Then ±71, ±72, ±73 
are a root system of type A2. We choose the simple root system consisting of 71 and 72; 
then 73 = 7i + 72 is the third positive root. 

In what follows we will construct an orientation on each of the bundles Sk, k = 1,2,3. 
First, we pick an orientation on £"^1x0 = ^-y^ (see below). Then, if g E F^, we choose the 
orientation on £k\g.xo = g-i)'yk such a way that the map g is orientation preserving (note 
that this definition does not depend on g, since the stabilizer group (-^4)3^.^ = Spin{8) is 
connected and each of its elements acts on t)^^. as a linear orthogonal transformation, cf. 
Section 2). Thus orienting 81,82 and 83 amounts to choosing orientations on and 
[)^3. We proceed as follows: First we take into account that 73 = S271, where S2 denotes the 
element of the Weyl group W = T,^ given by the reflection of about ker72. Thus there 
exists n2 G F4 with 77,2. i)° = f° such that S2 is the same as the coset [^2] = n2Spin{8) in S3. 
Then we have 

73 = 71°^^^- 

This implies that n2 maps t)^^ to i)-y^. Similarly, there exists rii G F4 such that 

73 = 72 o^r^- 

Thus n^^ maps t)^^ to i)^^. We pick and fix an orientation on f)^^; the orientations we equip 
f)^2 and {)^3 with are such that the maps ni and n2 are orientation preserving. 

The main goal of this section is to prove Theorem 11.11 We proceed as follows. First, we 
recall from the previous section that X is a 24-dimensional manifold. It is known (see for 
instance |Hs-Pa-Te| Section 5]) that the group H*{X] Z) is a free Z-module such that 

{0, if A; ^ {0,8,16,24} 
2, if A; e {8,16} 
1, if A; e {0,24}. 

A basis of H^{X; Z) can be constructed as follows. By Proposition 13.11 the subspaces 

S, ■.= Vi\d\), S2:=V2\dl) 

of Fl{0) are diffeomorphic to OP^, hence to the sphere S^. By Proposition 13. H the tangent 
bundle of Si is just 8i\s-^^: thus, the orientation of 81 chosen above induces an orientation of 
Si. Similarly we can orient ^2. The homology classes [Si], [S2] carried by Si and S2 are a 
basis of Hs{X; Z). Then (3i, (^2 ^ H^iX; Z) determined by 



(A, [5,]) 



1, if i = j 
0, otherwise 



1 < hj < 2, are a basis of H^{X;Z) (here ( , ) : H^{X;Z) ® Hs{X;Z) Z denotes the 
evaluation pairing). 
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We take into account that the elements and d!^ of 9° satisfy 7i((i'|') = and 'y2{d'^) = 0. 
The following equations can be deduced from |Hs-Pa-TH Proof of Theorem 6.12] (see also 
[Mall Proof of Lemma 3.3]). 

e(^i) = 2/5i + '^^^^2 = 2/3i - (32 

e{S2) = '^P^Pi + 2(32 = -Pi + 2(32 
(7i,7i) 

e{S,;) = e{S^) + e{S2) 

Thus we have 

(3.2) (3i = \{2e{£^) + e{£2)) and (32 = \{e{£{) + 2e{£2)). 

From Equation (12.71) we deduce that the tangent bundle TX can be written as 

TX = £i®£2® ^3- 

This implies 

e{TX) = e(^i)e(^2)e(^3) = e(^i)e(^2)(e(^i) + e(^2)). 
If [X] is the fundamental homology class of X, then 

{e{£,)e{£2){e{£i) + 6(^2)), [X]) = (e(TX), [X]) = x{X) = 6, 

where x{X) is the Euler-Poincare characteristic of X. We know it is equal to 6 thanks to 
Equation (13.11) . Consequently, the cohomology class 

(3.3) \e{£M^2){e{£^) + e{£2)) 

o 

is a basis of if^^(X; Z) over Z. 

Let us now consider separately the root system ±71, ±72, ±73. The fundamental weights 
corresponding to the simple roots 71,72 are 

Ai = ^(271 + 72), A2 = ^(71 + 272). 

We know that there exists a canonical isomorphism between the ring 

Q[Ai, A2]/ (nonconstant symmetric polynomials in Ai, A2 — Ai, — A2) 

and H*{Fh{C); Q). By a theorem of Bernstein, L M. Gelfand, and S. I. Gelfand |Be-Ge-Gej . 
a basis of H*[Fl3[C)] Q) over Q is obtained by considering 

^7172(71 + 72) 

and applying successively the divided difference operators A^^ and A^^. Here, the operator 
corresponding to the root 7 G {71,72} is defined by: 

A.,(f) = l^I^ 

7 
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for any / G Q[Ai,A2] (by we denote the reflection of c)° about the hne ker7). The 
Bernstein-Gelfand-Gelfand basis of H*{Fl3[C);Q) mentioned above consists of the cosets of 
the following polynomials: 

^71(71 +72), ^72(71 + 72) 
Ai, A2 
1. 

We deduce that 

(3.4) Ai ■ ^71(71 + 72) = ^7172(71 + 72) + / 

where / G Q[Ai, A2] is in the ideal generated by the non-constant symmetric polynomials in 
Ai, A2 — Ai, — A2. 

We now return to the cohomology of X. By |Hs-Pa-T^ Theorem 6.12] (see also |Malt 
Section 3]), the ring H*{X; Q) is generated by Pi and P2, the ideal of relations being generated 
by the symmetric polynomials in Pi, P2 — Pi, —P2- Equations fl3.2l) and (13.41) imply that the 
equality 

/54e(£:i)(e(£:i) + e{£2)) = ^e(f 1)6(^2) (e(£:i) + e(^2)), 
3 o 

holds in H*{X; Q). The right-hand side of the equation is the fundamental cohomology class 

of X over Z (see Equation fl3.3p ). Since Pi is in H*{X;Z), we deduce that the cohomology 

class 

(3.5) ^e{Si){e{Si) + e{S2)) 

belongs to H*{X; Z), being the Poincare dual of Pi in H*{X; Z). Similarly, the class 

(3.6) ^e(^2)(e(^i) + 6(^:2)) 

is in H*{X; Z), being the Poincare dual of /?2. Consequently, the classes given by (I3.5P and 
( K6\i are a basis of H^%X; Z). 

To complete the proof, it only remains to show that the cohomology classes given by fl3.5l) 
and fl3.6p can be expressed as polynomials with integer coefficients in Pi and P2. Indeed, by 
using fl3.2l) . we can see that 

^iSiMSi) + 6(82)) = p'l 

and 

^e{S2){e{Si) + e{S2))=Pi. 

Here we have used the relation 

Pl + P^,-PlP2=0, 

which follows from the fact that the second symmetric polynomial in Pi, P2 — Pi, —P2 is equal 
to 0. 
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Remark. The result stated in Theorem 11.11 is not entirely new: a similar description has 
been obtained for example in [Yol Theorem 2.3]. The novelty of Theorem 1 1.1 1 is that it gives 
geometric descriptions of the generators of the cohomology ring. 

4. Equivariant cohomology of F/(0): generators and relations 

In this section we will prove Theorem 11.21 Like before, we denote 

M := Spin{S) 

and 

X := Fk{0) = F4.X0. 

We start with the following result, which is an immediate consequence of Theorem 11.11 (see 
also Section [3]): 

Lemma 4.1. The ring H*{X) is generated by e{Si) and 6(82) with the relations 

Si{2e{£i) + e{£2), -e(^i) + 6(82), -e(^i) - 2e(^2)) = 0, 
i = 2,3. Here Si denotes the i-th fundamental symmetric polynomial in three variables. 

We are actually interested here in the equivariant cohomology ring Hl^{X). The space X 
is a real flag manifold (see Appendix [B]) which satisfies the hypotheses of [Mall Theorem 1.1]. 
Namely, the multiplicities of the roots of the symmetric space i?6(-26) / F4 are strictly greater 
than 1: indeed, for all k G {1,2,3} the multiplicity of 7^ is, by definition, the dimension of 
5^j,; the latter space is just f)^^ (see Appendix [C]), so all multiplicities are equal to 8. By 
the result of |Malj mentioned above, the action of M on X is equivariantly formal. For 
more on the notion of equivariant formality, we address the reader to |Gu-Gi-Kat Section 
4, Appendix C] or |Ha-Ho[ Section 4.3]. This condition is saying that, as a module over 
H*{BM), the space Hl^{X) is free, of dimension equal to dimif*(X). The properties stated 
in the following proposition are consequence of equivariant formality (cf. [Ha-Hot Proposition 
4.4]): 

Proposition 4.2. The graded ring homomorphism f : Hl^{X) H*[X) induced by the 
canonical inclusion j : X ^ EM X is surjective. Its kernel is 

kerf = {H+iBM).H*MiX)), 

where H^{BM) denotes the space of all elements of H*{BM) of strictly positive degree and 
{H+{BM).HIjIx)) zs the R-span of all elements of the form (3.a, with (3 G H+{BM) and 
aeHl^iX). 

Our first goal is to prove that Equations (11. 4p hold true. The elements 61,62 of H*{BM) 
involved there can actually be expressed as 
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k = 1,2 (see Proposition 12. 2. 21) . Let us also define 

^3 := eM(f)73)- 

The following notation is standard: if a G Hl.j{X) and x G X^'^, then the restriction of a to 
X is 



a\ 



where i^ '■ {x} ^ X is the inclusion map (note that a\x G Hlj{{x}) = H*{BM)). The next 
lemma will be needed later. 



Lemma 4.3. We have 

(4.1) 



eAii^i) + eAiiSi) - eM{£z) = h + - h 



Proof. For any k G {1,2,3} we have j*{eM{^k)) = e(£fc) (since, by definition, CMi^k) is the 
Euler class of a vector bundle over EM Xm X whose pullback via j is £k)- We deduce that 

ficMiSi) + eA/(^2) - eMiSs)) = e{Si) + €{82) - 6(^3) = 0. 

From Proposition and the fact that H''{X) = {0} for all 1 < A; < 7 (see Equation flO) ) 
we deduce that 

eM{S^) + CMiS^) - CMiSs) G P*{H*{BM)). 

The composition P o z^.^^ is the identity function of {xq}. Thus, it is now sufficient to note 
that 



□ 



(eA/(^^i) + eAf(i^2) - eA/(i^3))|x'o = eAf(i^iUo) + eAf(^^2Uo) " (^aA^-Axo) = h + b2 - h 
where we have used Equation fl2.7p . 

The following localization result will also be used here. It will be proved in Section [5l We 
recall (see Lemma 12.2.41) that the fixed points of the M action on X are given by 

X^' = J^sxo 

Lemma 4.4. The restriction map 

Hm{X) - HUX^^') 

is injective. 



The strategy we will use in order to prove Equations (11. 4p is to show that both sides are 
equal when restricted to any fixed point axo, where a G S3. The next lemma will help us 
accomplish this strategy. 

Lemma 4.5. The restrictions ofeMi^i), (^m{.£2), o,nd CMi^s) to X^'^ are as follows: 






1 


Si 


S2 


S1S2 


S2S1 


S1S2S1 




\axo 


hi 


-hi 


hs 


h2 


-hs 


-62 




\cTXO 




hs 


-h2 


-63 


hi 


-hi 




\axo 


h 


h2 


hi 


-hi 


-h2 


-hs 
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Proof. We have 

By definition, Si\xo = f)7i. The points xq and siXq are the antipodal points of the eight 
dimensional sphere Si = n^^{e1) embedded in X (see Section [3]). By Proposition 13.11 the 
tangent bundle of Si is just the restriction of Si to Si. The orientation of Si induces an 
orientation of the sphere Si. The space Si\s^xo is the same as Si\xo = f)7i, but with the 
reversed orientation. Consequently, 

Let us now determine 

eM{Si)\s2Xo = (^^l|s2a;o) • 

Like in Section [3l we consider again n2 G -F4 such that S2 is the coset [n2\ = n2Spin{8) in 
the Weyl group W = S3. By definition, since S2Xq = n2.XQ, we have 

Moreover, n2 is an orientation preserving map from to Si\s2xo- On the other hand, we 
saw in Section [3] that 712 maps f)^-^ to 1)7,3 by preserving the orientation. We deduce that 

We determine now 

XO xq) ■ 

Take rii G F4 such that si = [rii] = niSpin{8) in S3. We have 

S1S2X0 = s^^S2Xo = n^^.{n2.Xo). 

Thus Si\s-iS2xo is obtained from 1)7^ by applying first n2 (and obtaining [373), followed by n^"^ 
(which gives 1)72). Consequently, 

Cm {Si\s^s2Xo) = eM([)72) = ^2- 

All other restriction formulas can be proved similarly. □ 

The following lemma expresses eMiS^) in terms of cm^Si) and eM{S2). 
Lemma 4.6. We have 

h = h + bi 

and 

eiviiSs) = cm^Si) + eM{S2). 

Proof. We take Equation (14. ip and restrict both sides to ■Sia;o. The left-hand side changes 
according to Lemma [4.51 The right-hand side doesn't change. Indeed, for any k G {1,2,3} 
we have 

P*ih)Lxo = ^:.xoiP*ibk)) = ^:,x,iP*ieMiK))) = (P ° ^.i.o)*(eM([)7j), 
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which is the same as the M-equivariant Euler class of the puUback of f)^^. via the map 
P o isixo '■ {siXq} {xq}] this is equal to bk- Equation (14.11) implies 

-bi + 63 - 62 = 61 + 62 - &3, 
which, in turn, implies the desired equations. □ 

We are now ready to prove that Equations (11.41) hold. For each of them we restrict the 
left-hand side to xq, siXq, S2X0, . . . ,siS2SiXo and use Lemmas 14.51 and [ 4.6t each time we do 
this, we obtain 5*2(261 + 62, —61 + 62, —bi — 262), respectively S'3(26i + 62, —bi + b2, —61 — 262)- 
Indeed, let S be one of the (symmetric) polynomials 5*2 and S3. We have as follows: 

S'(2eM(^^i) + eA./(£^2), -eM^Si) + eM{S2), -eM{£i) - 2eM(^^2))|sixo 
=5(-26i + 63,&i + &3,&i-263) 
=S(-6i + 62, 261 + 62, -61 -262) 
=5(261 + 62, -61 + 62, -61 - 262). 

S{2eM{£i) + eMi^i), -eui^i) + eA./(£^2), -eA/(£^i) - 2eM(^^2))|s2xo 
=5(263 - 62, -63 - 62, -63 + 262) 
=5(261 + 62, -61 - 262, -61 + 62) 
=5(26i + 62, -61 + 62, -61 - 262). 

5(2eA/(£^i) + eM{S2), -CMi^i) + 6^(82), -eM{8i) - 2eM{S2))\ 3^32x0 
=5(262-63,-62-63,-62 + 263) 
=5(-6i + 62,-61 -262,261 + 62) 
=5(261 + 62,-61 + 62,-61-262). 

S{2eM{Si) + eM{S2), -CMi^i) + ca/ (^^2), -CMi^i) - 2eAf(i^2))|s2^ixo 
=5(-263 + 6i,63 + 6i,63 - 26i) 
=5(-6i- 262, 261 + 62, -61 + 62) 
=5(26i + 62, -61 + 62, -61 - 262). 

5(2eAf(£^i) + eAf(£^2), -eM{Si) + eM{S2), -CMi^i) - 2eM{S2))\siS2Sixo 
=5(-262 - 6i,62-6i,62 + 26i) 
=5(-6i- 262, -61 +62, 261 + 62) 
=5(26i + 62, -61 + 62, -61 - 262). 

Our second goal is to show that eM^Si) and eM{S2) generate Hl^{X) as a if*(i?M)-algebra. 
To this end we first recall that the action of M on X is equivariantly formal. From Equation 
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(13. ip we deduce that there exists a basis ao, • • • , 05 of Hl^{X) over H*{BM), such that each 
ak is a homogeneous element of degree given by: 

''o, if = 



deg ak 



8, if ke {1,2} 
16, if A; e {3,4} 
24, if A; = 5. 



We need the following lemma. 



Lemma 4.7. There exists a basis {ak '■ k = 0, . . . ,5} of Hlj{X) as H*{BM)-module such 
that: 

(i) if k E {0, . . . , 5}, then both a^ and 

ak:=f{ak)eH*{X) 
are homogeneous of degree given by 

deg ak = deg ak = deg a^. 

(ii) the set {ak '■ k = 0, ... ,5} is a basis of H*{X) over M 
fiii) we have 



and 



Proof. We set 



ai = CMi^i), "2 = eM{S2) 
ai = e{£i), a2 = e{£2). 



(ak, if k^ 1,2 
«fc := \ eMi£i), if A; = 1 
[eM(^2), if A; = 2. 

We need to show that these are a spanning set of Hl.j{X) over H*{BM). To this end, it is 
sufficient to show that 

"1 = aueAiiSi) + a2ieM{S2) + 031 

"2 = 0'12eM{Si) + 02264/(^^2) + ^32 

where an, 021, 012, ^22 are real numbers and 031 and 032 are in H*{BM). Indeed, we have 

ficMiSi)) = ei£^) and fieM{£2)) = e(^2). 

The cohomology classes e{Si) and €{£2) are a basis of H^{X) (see Section [3]). Also f{ai) 
and f{d2) are a basis of H^{X) (because ker j* = {H^{BM)Hl,j{X))). Thus, we can write 

/(«i) = aii/(eM(^^i)) + a2i/(eAf (£^2)) 
f{a2) = ai2f{eMi£i)) + 0-223* {(^m {£2)) 
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for some numbers an, 021, a^, 0'22- Consequently, the differences ai — auCM^Si) — 0-216^-/(^^2) 
and a2 — o-uGmISi) — 022^4/(^^2) are linear combinations with coefficients in H'^{BM) of 
ao, • • • , 0:5. By dimension reasons, they are actually in H~^{BM). This finishes the proof. □ 

Let us now consider the isomorphism of iJ*(i?M)-modules 

$ : H*m{X) H*{X) (g) H*{BM) 

given by $((5^) = for all A; = 0, . . . , 5. 

From now on we identify the if*(_BM)-algebra Hlj(X) with H*{X) ® H*{BM) equipped 
with the product o. The latter is defined by the fact that it is iJ*(i?M)-bilinear and it 
satisfies the condition 

Ofc o ai := $(afca^), 
for all fc, £ G {0, . . . , 5}. We stress that 

(4.2) HUX) = {H*{X) ® M[mi, M2, u,l o) 

as ]R[ui, U2, M3, wj-algebras (see Equation fll.3p ). The usual grading of H*{X) together with 

degMi = 4, degM2 = degu^ = 8, degM4 = 12, 

induces a grading on H*{X) (g) H*{BM). The following two properties of the product o will 
be used later. If a, 6 G H*{X) are homogeneous elements, then we have: 

(i) a o 6 is a homogeneous element of H*{X) ® H*{BM) of degree equal to deg(a ob) = 
deg a + deg b, 

(ii) a o b = a6+(a linear combination of multiples of H^{BM)). 

Point (i) follows from the fact that the map $ is degree preserving. To justify point (ii) it 
is sufficient to take a = ak and b = ai, where k,i E {0, . . . ,5}; we use the fact that the 
following diagram is commutative 

H*m{X) H*{X) O H*{BM) 

f\ / 
H*{X) 

Here the arrow in the right-hand side is the canonical projection. 
Lemma 4.8. The classes 

ei := CMi^^i) and €2 := 64/(^^2) 

generate H*j^.^{X) as H*{BM)- algebra. Equivalently, in terms of the identification Iji4-S\ ), the 
classes 

ci = e{£i) and 62 = ^{£2) 
generate {H*{X) H*{BM), o) as H*{BM) -algebra. 
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Proof. It is sufficient to prove that for any k G {0, . . . , 5}, can be written as a polynomial 
expression in ei and 62 with coefficients in H*{BM), the product being o. We prove this 
by induction on £(cr). The claim is obvious for /c = 0, as Oq is just a number (element of 
H^{X)). Let us now make the induction step: take k & {0, . . . ,5}, k > 1. We know that ei 
and 62 generate H*{X) (see Lemma [4. ip . Thus we have 

«fc = f (61,62), 

where / is a polynomial in two variables and the product in the right hand side is the usual 
(cup) product. Let /°(ei,e2) be the element of H*{X) H*{BM) obtained by evaluating 
/ in terms of the product o. By property (ii) of o, ak — /°(ei, 62) is a linear combination of 
terms of the form p.ae, where P G H^{BM) and £ G {0, . . . , 5} with dega^ < dega^. The 
last condition implies i < k: we only need to use the induction hypothesis. □ 

The following lemma will finish the proof of Theorem II. 2[ 

Lemma 4.9. The ideal of relations in Hlj{X) with respect to 61 and 62 is generated by 
Equations 

Proof. Let us consider the polynomials g2igz € ]R[xi,X2] given by 

(4.3) gi = Si{2xi + X2, -Xi + X2, -(xi + 2x2)) 

1 = 2,3. We prove that if f{xi, X2) G H*{BM) ® M[xi, X2] such that 

(4.4) /°(ei,e2)=0, 
then / is in the ideal generated by the polynomials 

fi{xi,X2) ■■= gi{xi,X2) - gi{hi, 62), 

2 = 2, 3 (here /°(ei, 62) is the element of H*{X) ® H*{BM) obtained by evaluating /(xi, X2) 
on ci, 62 in the ring {H*{X) ® H*{BM),o)). We prove this claim by induction on deg/: 
throughout this proof, degree will always be considered only with respect to Xi and X2- If 
deg/ = then the claim is obvious. Let us now make the induction step. We consider 
a non-constant polynomial f{xi,X2) as above, satisfying equation (14. 4p . Let g{xi,X2) be 
the component of f{xi,X2) of highest degree (with respect to Xi,X2)- From the fact that 
/°(ei, 62) = and property (ii) of o we deduce that 

9(61,62) = 0. 

By Lemma H?T| g{xi, X2) is a combination with coefficients in H*{BM)^'R[xi,X2] of g2{xi, X2) 
and g3{xi,X2). We come back to Equation (14.41) and replace g by the expression mentioned 
above, where we complete each occurence of gt to fi (by adding and subtracting the necessary 
quantity). The cancellations which we obtain allow us to obtain another condition of type 
(14. 4p . this time with a polynomial / of degree strictly smaller than the previous one. Finally, 
we use the induction hypothesis. □ 
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Remark. Another presentation of the ring Hl,j{X) = Hg^-^f^^-^^F^^/ Spin{9>)) can be deduced 
from Ho-Sj , Corollary 5.10], since and Spin{8) have the same rank. 



5. EQUIVARIANT COHOMOLOGY of F/(0): the GKM PRESENTATION 
We recall that 

X := Fl{0) = F4.X0, 

where Xq = Diag(a;5, X2, Xg), with x^, X2, G M, any two distinct, such that Xi + X2 + x^ = 0; 
this time we also assume that > > Xg. Like in the introduction, we consider e^j : = 
^ui^-y) £ H^{BM), where the root 7 is given by 

7(xi,X2,X3) = Xi- Xj 

1 < < j < 3. Since Sk\xo = ^-jk^ ^ = 2, 3, we actually have 

ei2 = bi, 623 = h, ei3 = 63. 

In this section we prove Theorem II. 3[ Our main tool is the following result, which can be 
deduced from the main theorem of [Ha- He- Ho] . 

Theorem 5.1. ( |Ha-He-Ho] ) Let M be a compact connected topological group and 

s 

X=[_\Ck 

k=l 

a finite CW complex whose open cells Ck, ^ ^ k ^ s, satisfy the following properties: 

(i) Ck is an even dimensional real vector space equipped with an M-linear action which 
has a unique fixed point, say pk, which is identified with 0. 

(ii) We can decompose 

(5.1) C-, = Cki, 

i<e<k 

where C^i are vector subspaces (possibly equal to {0}) of Ck; the boundary dxiCki) 
of Cke in X consists of only one point, which is fixed by the M action (in the case 
where Cke = {0}, the fixed point is pk). 

(iii) For any A; G {1, . . . , s}, the equivariant Euler classes eM{Cke), where 1 < i < k such 
that Cke 7^ {0}, are relatively prime elements of H*{BM). 

Then the map i* : Hlj{X) — > Hl^{X^^) induced by the inclusion of the M -fixed point set 
X^^ into X is injective. Moreover, the image of i* consists of all 

s 

Uk)eHl,{X'') = \[H\BM) 

k=l 

such that fk — fe is divisible by CMiCke) for all 1 < i < k < s with Cke 7^ {0}. 
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In the case of X = F/(0) and M = Spin{8), we use the CW decomposition mentioned in 
Section 12.21 That is, we choose Ck = C^, for a G S3. The decomposition (15. ip is the one 
described by Equation (12. 8p . We will verify the assumptions (i)-(iii) above. Assumption (i) 
follows from Proposition 12.2.41 and the fact that fl S3X0 = {axo}. For assumption (ii), 
we will need the explicit embedding of C„ in X, as given in Theorem IB. 21 (b). That is, we 
consider the root spaces C e6(-26), where 7 G $, as well as the diffeomorphism J^Q^ ^ 
X I— > exp(a;)(o"a;o), where the sum in the domain runs over all 7 G such that cr~^7 G 
Assumption (ii) follows readily from the following lemma. 

Lemma 5.2. If a and '-j are as above, then the boundary c»/exp(0^)((TXo) in X is {s^crxo}. 

Proof. Let us consider again the functions 71,72,73 : ()° — > M given by Equation (12.50 . The 
set $ = {±7i, ±72, ±73} is a root system of type A2. To any 7 G {71,72,73} we assign 
the reflection of ()° about the line ker7. These three reflections generate a group of 
transformations of 0° which is isomorphic to the symmetric group S3. More speciflcally, we 
have 

(5.2) s,, = (2,3), s^, = (1,2), s^3 = (l,3). 

Here, as usual, (2, j) denotes the i, j transposition in S3. The group S3 is generated by 
si := and S2 := s^^. We actually have 

S3 = {1, Si, S2, S1S2, S2S1, S1S2S1}. 

The following table gives for all a G S3 the set of all 7 G such that ct^^7 G 



cr 


7 


Si 


71 


S2 


72 


S2S1 


72, 73 


S1S2 


71, 73 


SIS2SI 


7i, 72, 73 



Here we have used the formulas: 5^(7^) = -7^ for /c = 1, 2, 31(72) = 52(71) = 73, ^1(73) = 72, 
^2(73) = 71- 

We will prove the lemma by a case by case veriflcation. 

Case 1. (cr, 7) = (si, 7i). We need to show that the boundary of exp(0^J(siXo) is xq. To this 
end, we note that exp(g^J(siXo) is a Schubert cell (see Appendix iBl) . Thus, by |Du-Ko-Va 
Section 4, especially Equation (4.10)], its closure consists of the cell itself together with the 
dimensional cell {xq}. 

Case 2. (ex, 7) = (5152^1,73) = (5^3,73). We now show that the boundary of exp(g^3)(s3a;o) 
is {xq}. To simplify notations, we set 

G := ^6(-26), K := F4, := e6(-26), « := U, « := ^li'^), 73 := 7- 

As usual, we denote M = Spin{8). We also denote by N and A the connected Lie subgroups 
of G of Lie algebras +072 +073, respectively a (the notations above have been used in the 
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l<er(Yg ) 



ker(Y^) ker(Y^ ) 



Figure 1. 

general case in Appendix [B]). We will use the rank-one reduction procedure, as described in 
|Het Chapter IX, Section 2]. Let us denote by the Lie subalgebra of g generated by 
and g_^. Take E a determined by {h^, h) = 7(/i), for all h E a (here ( , ) is the Killing 
form of g). We have the Cartan decomposition 

where V = t H and s'^ = s fl g"^ (see also Equation (12. 3p ). The space Rh^ is maximal 
abelian in s^. Let G^, K'^, and denote the the connected Lie subgroups of G of Lie 
algebras , V, respectively M/i^. Then we have K'^ = K r\ G'^ and A"' = An G^ . Moreover, 
if M'^ denotes the centralizer of /i-y in K'^ , then we have = M fl G'^ . The connected Lie 
subgroup of G^ of Lie algebra g^ is iV' = G^ H N . The Iwasawa decomposition of G'^ is 

G^ = K^Am^. 

Without loss of generality we can assume that xq = h^: since the last two vectors are in 
the same Weyl chamber (see Figure 1), their K orbits are G-equivariantly diffeomorphic. 
Consequently, we have s.y.^xo = —h^. The orbit X'^ := K"' .h^ is contained in X = K.h^ (for 
both orbits, the group action is the Adjoint one). In fact, the inclusion is C^-equivariant. 
Indeed, the action of G on X is induced by the identification X = G/MAN. Consequently, 
the subgroup G'^ of G acts on X and the orbit of the coset of e is G'^ / {MAN fl G^) = 
G^/i^M^A^N'^) = X^ (here we have used that the map K x Ax N G, {k,a,n) kan, 
for all {k,a,n) eKxAxN is a diffeomorphism) . The Schubert cell decomposition of X'^ 
described in Theorem IB. 21 (b) is 

X^ = exp{g^){-h,)\J{h,}. 
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Thus, the cell exp{Q'^){—h^) is dense in X"' (since the latter space is compact). We deduce 
that the closure of exp{Q''){—h^) in X is equal to X^. This finishes the proof. 

The other cases follow immediately from the two above. For instance, to show that the 
boundary of exp(g^J(siS2a;o) is si(siS2a;o) = S2X0 we use Case 2. Indeed, we replace xq by 
S2X0 and si,S2 by ^2,53 (reflections about the walls of the Weyl chamber which contains 
S2X0). □ 

Assumption (iii) is a direct consequence of the following lemma. 

Lemma 5.3. (a) Let T d M denote as usual the canonical maximal torus. The equivari- 
ant Euler classes 6^(1)71), eT(f)72); and eT{i)'ys) are (non-zero and) pairwise relatively prime 
elements of H*{BT). 

(h) The equivariant Euler classes eA/({)^j), eM(f)72); and 6^(^)73) are (non-zero and) pair- 
wise relatively prime elements of H*{BM). 

Proof, (a) We recall from Section 2 that, as complex M-representations we have 

(5.3) t)7, ® C = \/8 ® C, i)^,(g)C = S+ ® C, f)^3 ® C = Ss ® C, 

where Vs arises from the rotation action of SO (8) and are the half-spin representations 
of M = Spin{8). We consider the Euler class of 

This is 

eT(f)7, ® C) = eT(l)7j', 

for k = 1, 2, 3. Thus it is sufficient to prove that the T-equivariant Euler classes of [)^^ ® C, 
[)72 C and [)73 C are pairwise relatively prime. 

By Equation (15. 3p . we can identify these classes with the products of the weights of 
the representations Vg (S> C, ® C, respectively (S> C: Indeed, if V is any of these 
representations, then we can split V = ©^^^ Li, where Lj are 1-dimensional T-invariant 
complex vector subspaces. Consequently, 

8 

eT{V)=c^,{^L,) = cl{L,)...cl{Ls), 

1=1 

where cj and cj denote the T-equivariant Chern classes. We know that the 1-dimensional 
complex representations of T are labeled by the character group Hom(T, 5*^), and the map 
Hom(T, S^) H^{BT; Z) given hj L (L) is a group isomorphism (see e.g. |Hut Chapter 
20, Section 11]). In turn, Hom(T, S^) is isomorphic to the lattice of integral forms on t. In 
Section [6] we will consider a basis {pi, P2, Ps, Pi} of this lattice and we will calculate the 
weights of Vs ® C, ^ C, and ® C. Namely, if we identify H*{BT; Z) = Z[pi, p2, ps, p^], 
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Equations (O, (O, respectively ([63D give: 

eriVs (g)C) = pI{p2 - Pif{p4. - PsYipi - p2 + Pzf 
eri^S^ ®C) = pI{p4 - p2f{,pz - Pi)^(P3 - P2 + pif 
eriS^ ® C) = pUps - p2)\p4 - Pi?{p4 - P2 + Pi)^- 

We note that the three polynomials above are pairwise relatively prime. 

(b) We use the fact that we have a canonical inclusion (of rings) H*{BM) H*{BT), 
which maps 6^/(1)^^) to 6^(^)7^.), k = 1,2,3. We also use point (a). □ 

We are now ready to prove Theorem II. 3[ 

Proof of Theorem \1.3[ The result follows from the discussion made throughout this sec- 
tion. Namely, from Theorem 15.11 we deduce that the map t* : if|^(F/(0)) —>■ HI.j{Tj^xq) = 
Ylaei^s H*{BM) is injective. Its image consists of those (/a)CTeS3 with the following property: 

(PI) /o- — fs^a- is divisible by CMi^-y) for any 76$^ such that cr^^j G 

Condition (PI) is equivalent to: 

(P2) fa- - fs^a is divisible by Ca/ (l)^) for any 7 G $+. 

Indeed, (P2) implies (PI). Also (PI) implies (P2): assume that (PI) holds true and 
take 0" G S3 and 7 G $^ such that cr^^7 G then we have s^{s^a) = a and also 
{s^a)~^'~^ = — cr~^7, which is in thus, by (PI), the difference fs^a — fa is divisible by 

Finally, we take into account Equation fl5.2p and the definition of Cjj at the beginning of 
this section. □ 



6. EQUIVARIANT iC-THEORY OF Fl 



The goal of this section is to prove Theorem 11.41 We regard X = Fl{0) as the ho- 
mogeneous space F4/ Spin{8). The following is a description of the roots, weights and the 
representation ring of Spin{8), which will be needed in the proof. The details can be found 
for instance in |Br-tDl Chapter V, Section 6 and Chapter VI, Section 6] or [Ad, Chapter 4]. 
The Lie algebra of Spin{8) is the space so(8) of all skew-symmetric 8x8 matrices whose 
entries are real numbers. Recall that by T we have denoted the canonical maximal torus of 
Spin{8) (see Proposition 12.2.31) . Its Lie algebra, call it t, consists of all matrices of the form 



/ 01 

-Oi 









\ 



/ 
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where di, 62, 63, 64 G M. For any j G {1, 2, 3, 4} we denote by be the hnear function on t 
which assigns to each matrix of the form above the number 6j. The set {L^, L^, L^, L^} is a 
basis of the dual space t*. 

• The set of roots of Spin{8) with respect to t is 

• A simple root system is 

n = {L^ - L\ - L\ - L\ + L'}. 
The corresponding set of positive roots is 

np^nis) = {L' ± ■■ l<^<J<^}. 

• The corresponding fundamental weights are 

rl rl r2 + + - + L"" + + 

(6.1) p^ = L ,p2 = L +L ,p3 = , p4 = • 

Since Spin{8) is simply connected, these weights are a basis of the lattice of integral 
forms. We will also use the presentation 

where we have denoted as follows: 



(6.2) 



2 

As usual, to any integral form A G corresponds the character G R[T]. In this 
way, if we denote Vj = e'^\ 1 < j < 5, we obtain the presentation 

R[T] ^ Z[y^\ yf\ yf\ yf\ yf']/iyl - y^y^ym)- 

The canonical action of the Weyl group Wspmis) = Nspin[8)iT)/T on t* is faithful. 
The automorphisms of t* induced in this way are those ry with the property that for 
any 1 < i < 4, there exists 1 < j < 4 such that ri{L^) = the number of "— " 

signs being even. 

The representation ring of Spin{8) is R[Spin{8)] = Z[Xi, X2, X3, X4] where 

Xi = ® C, X2 = Ss ® C, X3 = Vs®C 

and X4 is the complexified adjoint representation of Spin{8) (recall that are the 
half-spin representations of Spin{8) and Vg is induced by the standard representation 
of 5*0(8) on via the covering map Spin{8) —>■ 5*0(8)). Their weights are as follows 
(see |Ad , Proposition 4.2]): 
(i) For Xi: 



where the number of "— " signs is even 
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(6.3) 



(ii) for X2: 

±L^ ±L^±L^±L^ 
2 

where the number of "— " signs is odd 

(iii) for X3: 

(6.4) ±L\±L2,±L3, and ± 

(iv) for X4: all the roots of Spin{8) relative to T. 

The (complex) dimension of each weight space is equal to 1. Consequently, the 
restriction/inclusion map R[Spin{8)] = /2[T]^-5pin{8) R[T] is given by 

Xi =1/5 + ybyi^y2^ + y^Vi^y^^ + y^yi^yl^ + ysz/^^y^^ + z/sy^^z/r^ + y^y^^yl^ 
+ y^yi^y2^yz^yi^ 

X2 =y-,yi^ + y-,y2^ + y^y^^ + y^yl^ + y^yi^y2^y^^ + + ybyi^y^^yl^ 

+ yby2^y^^yA^ 
X3 =yi + + z/2 + + 1/3 + + 1/4 + i/r^ 

l<i<jr-<4 

The group Spin{8) and its subgroup T act on the homogeneous space X = F^l Spin{8) 
by multiplication of cosets from the left. Recall (see Proposition I2.2.4|) that we have 

and this set is in bijective correspondence with the symmetric group S3. We need to say 
more about this identification (for the details of the following discussion, see |Ad[ Chapter 
14]). We first note that the maximal torus T of Spin{8) mentioned above is also a maximal 
torus of F4. Moreover, the Weyl group Wspin{8) '■= X'spin(8)iT)/T is a normal subgroup of 
Wf_^ := Np^(T)/T. In fact, the latter group is a semidirect product of the former one by a 
certain copy of the symmetric group S3, which we describe in what follows. To do this, we 
first mention that the roots of F4 relative to T are: 

long roots : ±L* ± L-' , 1 < i < j < 4 24 roots of Spin{8), 
short roots : ±L* , 1 < i < 4 8 roots, 

±L^±L^±L^±L^ 16 roots. 

Among them, the short roots 

(6.5) L = w , = L0 -uj , = uj 

play a special role: the subgroup of Wp^ generated by the reflections of t about their kernels 
is isomorphic to S3. Let us denote by S3 this subgroup of ^^4- By |Adl Theorem 14.2], we 
have 

= S3 X Wspin{8)- 
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Let US now focus on the T-fixed points in F^/ Spin{8). An easy calculation shows that 

{F4/Spin{8)f = {geFi : gTg~^ C Spin{8)}/ Sptn{8). 
We will prove the following lemma: 
Lemma 6.1. The map 

S3 = WpjWspinis) = {geF, : gTg-' = T} / {g G Spin{8) : gTg-^ = T} ^ {F^/Spin{8)f 
which sends the coset of g to gSpin{8) for all g G F4, is bijective. 

Proof. The map is well defined and injective. Since both the domain and the codomain are 
in bijective correspondence with S3, the map is actually bijective. □ 

The previous discussion implies that we can make the identification 

(F4/5pm(8))^P^"(«) = {FjSpini8)f = l^^,/l^sp.n(8) = S3. 

Let us consider again the inclusion map 2 : S3 ^ F4/ Spin{8) and let : Kt^F^/ Spin{8)) — > 
11(761:3 -^[^] t>e the corresponding ring homomorphism. The first step towards the proof of 
Theorem 11.41 is made by the following proposition. 

Proposition 6.2. (a) The T-equivariant K-theory of F^/ Spin{8) is a free R[T]-module of 
rank 6. 

(b) The map : Kt^F^^/ Spnn{8)) Ylaeta ^[^] ^■^ injective. 

This can be proved in the same way as [Ma-Wi[ Proposition 4.1]. We will not give all 
details here, just the main ideas: 

Proof (outline). For point (a), we use the CW decomposition given by Equation (12. 8p . An 
important ingredient of the proof is the Thom isomorphism theorem for each cell Ccr, cr G S3 
(cf. [Hi]). Indeed, by Proposition I2.2.3[ C^j is a complex (open) cell with a C-linear action 
of T; thus, we have 

Kt{C,) = Kript.) = R[T]. 

We also note that the number of cells is equal to 6. For point (b), we use the loca- 
lization theorem in equivariant i^'-theory (cf. [SeJ). This tells us that the homomorphism 
Kt{F4^/ Spin{8)) ®R[T] Q[T] — ^ ricreEaQl^] induced by is an isomorphism (here Q[T] 
denotes the field of fractions of R[T]). This implies that is injective. □ 

The Weyl group Wp_^ = Np^(T)/T acts on F4/T via 
(6.6) {nT).{gT)=gn-X 

for any n G Np^(T) and g G F4. This action is T-equivariant, therefore, by functoriality, 
it induces an action by ring automorphisms on Kt{F4/T). We also consider the canonical 
projection map 

ttt : F4/T ^ F4/Spin{8), 
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which is T-equivariant, and maps {F^ilTy = Wp^ onto S3 (see Lemma EH]). We denote by 
TT^ the homomorphism between the i^^p- rings induced by ttt- The following result describes 
Kt{F4^/ Spin{8)) as a subring of Kt{F4^/T). 

Proposition 6.3. The map vrj : KxiF^/ Spin{8)) KtIF^/T) is injective. Its image 
consists of all Wspin{s) -invariant elements of KriF^/T) . 



This can be proved by using the same arguments as in the proofs of [Ma-Wij Propositions 
4.2 and 4.4]. For the reader's convenience, we outline the proof. 

Proof (outline). The injectivity follows from the commutativity of the diagram 



KT{F^/Sptn{8)) 



Kt{F,/T) 



n..E3 m — - — > u^.w.^ R[T] 

where p is the map induced by the projection Wp^, WF4/Wspin(8) = ^3 (see Lemma 
16. ip and ir '■ Wp^ = {Fi/Ty — > F4/T is the inclusion map. We know that i^, and p 
are injective, thus vrj is injective as well. To prove that the image of 7r|, coincides with 
Kx{F4/T)^^p^"^^'i , we use the following ring isomorphisms (cf. e.g. |Mcj ): 

Kt{FJT) ^ R[T] ®R^F,] R[T] 
KriF^/SptniS)) - R[T] R[Sptn{8)] 
R[Spin{8)] - i?[T]^sp.n{8)_ 

□ 

We obtain a GKM description of KxiF^/ Spin{8)) as follows: First, from the previous 
proposition, we have the ring isomorphism 

KT{F4/Spin{8)) = Kt{FJT)^sp^'^(^\ 

Second, F4/T is a complex complete flag variety: for any such variety, a GKM type descrip- 
tion of the equivariant i^"-theory ring corresponding to the action of the maximal torus has 
been obtain by McLeod |Mc] . For F^/T, this description is made in terms of the roots of F4 
(see above). A simple root system is 

2 

We denote by the corresponding set of positive roots. The GKM type presentation 
mentioned above is as follows. First we note that {F^^/Ty = Wp^ and the homomorphism 
KriF^/T) — i> Kt(WfJ induced by the inclusion map is injective. By identifying Kt^F^^/T) 
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with the image of this homomorphism, we obtain: 



Kt{FJT) ~ {(/^) G n : e'-l divides U - fs.u, for all 5 G $+ }. 



As usual, by S5 we denote the element of Wp^ induced by the root 5 (that is, the reflection 
of t about ker 5) . 

Now the ring isomorphism above is VrF4-equivariant if we let the Weyl group Wp^ act on 
the space in the right-hand side by 

for all w G Wfa- Consequently, Kt{F4/T)^''p^"(^^ can be identified with: 
{(fw) G Y\. ^t-^] : - 1 divides /w - fsjw for all 5 G such that ss ^ Wspin(8)}- 

Here we have denoted by w the coset of w in WF^/Wspmis), for any w G Wp^- We only need 
to consider roots 6 G such that ss ^ W5pm(8): if does belong to Wspin(8), then 



for any w G (because Wspin(8) is a normal subgroup of Wp^). We now recall that the 
subgroup S3 of is generated by the reflections s^4, s^5_^4, and s^s and is isomorphic to 
the symmetric group S3. In fact, one can see that 



Remark. Although this is not relevant for our purposes, we note that the identification 
above is not arbitrary, as we explain in what follows (cf. |Adl Chapter 14]). First, an 
element g E F4 satisfies gTg^^ C T if and only if gSpin{8)g~^ = Spin{8). Thus any element 
of Wp^ induces a group automorphism of Spin{8). Second, u^, — u"^, and u"^ are the 
highest weights of the S'pm(8)-representations Xi,X2, respectively X3. It turns out that the 
automorphisms of Spin{8) induced by the elements s^i, s^5_j^4, and s^s of Wp^ are outer 
and they permute Xi, X2, X3. More precisely, they act on the latter set as the transpositions 
(1,2), (2,3), respectively (1,3). 

The following lemma will be needed later. 

Lemma 6.4. (a) The roots 6 G such that Ws = are Li, L2, L3, and L4. 

(b ) The roots 6 G such that 'ss = 'sZ^^^ are 

Li + L2 + — L4 Li + L2 — + Li — L2 + + Z/4 Li — L2 — i/3 — 



SsW = WW '-SsW = w 




Thus, we may use the identification of E3 with E3 given by: 



(1,2), s^s 



(2,3),s^5 



1,3). 



2 



2 



2 



2 
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(c) The roots 5 G such that Js = 'sZ^ are 

Li + L2 + + Li + L2 — — Z/4 Li — L2 + — Li — L2 — + La 
2 ' 2 ' 2 ' 2 ■ 

(d) The subsets of described at points (a), (b), and (c) are a partition of this set. 
Proof. We first prove the following claim. 

Claim. Let 7 denote one of the roots cj^, uj^ — u'^, and 00'^. Take t] G Wspin{8)- Then we have 
Indeed, we have 

This belongs to Wspin{8), since this group is normal in ^^4- 

We take into account which is the form of a transformation 77 G Wspin{8) (see the beginning 
of this section). We also use the fact that the number of roots enumerated at points (a), (b), 
and (c) is 12: this means that all elements of have been enumerated. □ 

We deduce as follows: 

Proposition 6.5. The ring homomorphism : Kt{F4/ Spin{8)) KtHF^/ Spin{8))'^) is 

injectzve and its image consists of all (/^) G HaeSa ^[?/^^ ?/2'^ ?/^^ ^/s'Vl?/! - 2/i?/2y32/4), 
with the following properties: 

f{i,2)a - fa is divisible by {yi - l){y2 - l)(?/3 - l)(l/4 - 1), 

/(i,3)<7 - fa is divisible by [y^y^'^ - l){y-,y^^ - l)(l/5l/^^ - l)(z/5l/r^ - 1), 

/{2,3)<T - fa is divisible by {y^ - l)(l/5Z/r^l/^^ - l)(l/5Z/^^l/r^ - l)(l/5l/r^l/2"^ - !)■ 

The divisibility referred to above is in the ring Z[yf^,yf^,yf^,y^^,yf^]/(yl — ?/i?/2l/3Z/4)- 

We are now ready to discuss the map i*spin(8) '■ Kspin{8){F4./ Spin{8)) HaeEa R[Spin{8)] 
induced by the inclusion map « : S3 — > F4/ Spin{8) (recall that S3 is the fixed point set of the 
Spin{8) action on F^/ Spin{8)). We consider the diagonal action of Wspin{8) on the product 
ricreSa -^[^]- identify IlcrGSs R[Spin{8)] with the fixed point set of this action. 

Proposition 6.6. The map «5pj„(8) is injective. Its image is the intersection of the image of 
i^ (see Proposition ^.^) with IlcrgEa R[Spin{8)\. 

The principles of the proof can be found in [Ma- Wit Section 5]. In what follows we sketch 
the main ideas. 
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Proof (outline), (i) Since the T-fixed points of F4^/ Spin{8) are the same as the S'pm(8)-fixed 
points, we can consider the following commutative diagram: 

Kspini8){FA/S]jm{8)) > Kt{FJ Spin{8)) 



"■Spinas) 

n.eE3 R[Sv^nm ^ > Yl.et, m 

Here, j* : Kspin{8){F4/ Spin{S)) Kt^F^/ SpiniS)) is the map induced by restricting the 
Spin{8) action to T: this map is injective by [Mel Theorem 4.4]. Also, p consists of six 
copies of the inclusion map R[Spin{8)] = i?[T]^sp™(*) ^ thus, p is an injective map. 

By Proposition 16.21 above, is injective. From the commutativity of the diagram we deduce 
that i*spin(8) is an injective map. 
(ii) We identify 

KT{F4/Spin{8)) = R[T] ^r^f,] R[Spzn{8)]. 
We let the group Wspin{8) act on this space by 

for all w G Wspin{8), Xi ^ ^[F], and X2 ^ R[Spin{8)]. The result stated in the lemma follows 
from the commutativity of the diagram above and the following two facts: 

• the map is iy5pj„(8)-equivariant. 

• the image of j* is Kt{F4^/ Spin{8))^^p^"'-^'>] more precisely, we can identify 

Kspin(8){F4^/ Spin{8)) = R[Spin{8)] ®k[F4] R[Spin{8)] in such a way that 

r : R[Spini8)] ^r^f,] R[Spin{8)] R[T] (g)R[F4 R[Spini8)] 
is induced by the inclusion R[Spin{8)] "—^ R[T]. 

□ 

To obtain the description in Theorem ll.4l it is enough to prove the following three lemmas. 

Lemma 6.7. If f E Z[yf^,y^'^,yf^,y^'^,y^'^]/{yl - ymyzVA} is Wspin{8) -invariant, then f 

is divisible by {jji - l)(?/2 - l){yz - l)(l/4 - 1) m Z[?/j^\ ?/^\ ?/^\ ?/^\ y^Vd/f " VmyzV^ if 
and only if f is divisible by Xi — X2 in Z[Xi, X2, X3, X4] . 

Proof. We have 

Xi-X2 = yi^y2^y^^yl^y^{yi - l)(i/2 - l)(i/3 - l)(2/4 - !)• 
Thus if / is divisible by Xi — X2 in 

Z[X„X2,X,,X,] = {Z[yt\yt\yt\yt\yt']/{yl - yw2y3y,)f , 

then /is divisible by (t/i-l)(y2-l)(l/3-l)(l/4-l) in Z[?/^\ ?/^\ ?/^\ ?/^\ y^^]/(?/^-?/i?/2l/3y4). 
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Let us now assume that / is iys'pj„(8)-invariant and divisible by (yi — 1)(?/2 — l)(l/3— 1)(2/4— !)• 
This imphes that / = (Xi - Xa)/^ with h G Z[yf\yf^,yf^,y^^,yf^]/{y1 - yiy2yzyi)- Since 
/ and Xi - X2 are ty5pi„(8)-invariant and since Z[yf^ ,yf^ ,yf^ ,y^^ ,yf^]/ {yl - ymy^yi) is 
an integral domain, h is VF5pj„(8)-invariant, too. Thus / is a polynomial in Xi,X2,X3,X4. 
Consequently / is divisible by Xi — X2 in Z[Xi, X2, X3, X4]. □ 

Lemma 6.8. If f E Z[yf^,yf'^,yf'^,yf'^,y^^]/{y^ - ymyzVi) is Wspin{8) -invariant, then f 
is divisible by (1/5?/^^ - l)(?/5?/^^ - l)(?/5?/^^ - l)(?/5yf ^ - 1) m Z[yf^,y^^,yf^,y^^,yf^]/{yl- 
I/12/2I/3I/4) if and only if f is divisible by Xi — X3 in Z[Xi, X2, X3, X4]. 

Proof. We have 

Xi - X3 = y^\y,y^' - l^y^Vs' - l)^"' - - !)• 

We use the same idea as in the proof of Lemma 16.71 □ 

Lemma 6.9. /// G Z[?/i^\ ?/^\ ?/^\ ?/^V(l/5 " I/1I/2Z/3Z/4) is Wspin(8)-invariant, then f is 
divisible by (?/5-l)(y5yf ^yJ^-l)(?/5y^^t/J^-l)(t/5yi~^y^^-l) inZ[yf^,y^^,yf^,y^^,yf^]/{yl- 
I/1I/22/32/4) if and only if f is divisible by X2 — X3 in Z[Xi, X2, X3, X4]. 

Proof. We have 

X3 - X2 = y3^{y5 - l)(l/5Z/r^l/r^ - l)(l/5y^^l/r^ - l)(l/5Z/r^l/^^ - !)• 
We use the same idea as in the proof of Lemma 16.71 □ 

Appendix A. The complex flag manifold Fl^^C) 

The goal of this section is to give a description of the flag manifold Fl^lC) which can be 
naturally extended to the octonionic case (see Section [2]). Originally, Fl^lC) is the set of all 
nested sequences 

V1CV2C c^ 

where Vi,V2 are complex vector subspaces of C^, dimVi = 1, dimV2 = 2. Alternatively, 
let us equip with the standard Hermitian inner product: then Fls{C) is the set of pairs 
(Li,L2), where Li,L2 are 1-dimensional complex vector subspaces of with Li ± L2. 

Let us consider the space 

f)3(C) = {a G Mat^^^(C) : a = a*}. 
We have the following presentations. 

Proposition A.l. a) There is a natural identification between the complex projective plane 
CP^ and the set of all matrices a G f)3(C) with 

= a and tr(a) = 1. 
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b) There is a natural identification between the flag manifold Fl^lC) and the set of all 
pairs (01,02) G CP^ x CP^ with the property that 

Re(tr(aia2)) = 0. 

The identifications are as follows. 

For CP^. A 1-dimensional complex vector subspace V of is identified with the element of 
f}3(C) which has eigenvalues 1, 0, and 1-eigenspace equal to V (the 0-eigenspace is implicitly 
y-*-). Moreover, an element a of f)3(C) has eigenvalues (1,0,0) if and only if = a and 
tr(a) = 1. 

For Fls{C). Take Li,L2 two 1-dimensional complex vector subspaces of C'^ and 01,02 the 
Hermitian matrices with eignevalues (1,0,0) and 1-eigenspaces Li, respectively L2. The 
point is that Li ± L2 if and only if Re(tr(aia2)) = 0. Indeed, let us choose an orthonormal 
basis fi,f2,f3 of C^, where L2 = Cvi. Then we have 

tr(aia2) = (0102(^1), ^^i) + (0102(^^2), ^^2) + (0102(^3), ^3) 

= {ai{vi),vi) = {al{vi),vi) = {ai{vi) , al{vi)) = {ai{vi) , ai{vi)) . 

Thus Re(tr(aia2)) = if and and only if ai(fi) = 0. On the other hand, Li is perpendicular 
to L2 if and only if L2 is contained in the 0-eigenspace of Oi, that is, ai(fi) = 0. 

Appendix B. Real flag manifolds and their cell decomposition 
In this section we will present some general notions and results concerning real flag man- 



ifolds. The main reference is |Du-Ko-Va| (the basic material can be found for instance in 
[Hil Chapter IX]). 



Let G be a real connected semisimple Lie group and denote by g its Lie algebra. Let 



be a Cartan decomposition: this means that the Killing form of g is strictly negative definite 
on t and strictly positive definite on 5. The corresponding Cartan involution is : g ^ g. 



for all X G 6 and y & s. We pick a maximal abelian subspace a of s and consider the following 
root space decomposition: 



Here m is the centralizer of a in € and $ the set of roots, that is functions 7 : a — > M such 
that the root space 

g^ := {x G g : [h, x] = 'y{h)x for all h E a} 



g = t®s 



9{x + y) =x-y, 



(B.l) 




7G* 
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is non-zero. The set $ is a root system in the dual space a*. Let us pick a system of simple 
roots and denote by the corresponding set of positive roots. We set 

n := Y,Si 

and obtain the Iwasawa decomposition 

Q = t®a®n. 

If K, A, N are the connected Lie subgroups of G of Lie algebras fi, a, respectively n, then 
we have the following Iwasawa decomposition of G: 

G = KAN. 

Let us also denote by M the centralizer of a in K and by W the Weyl group, which is 

W = {keK : AdGA;(a) C a}/M. 

It turns out that, via the adjoint representation of G, the group K leaves s invariant. The 
orbits of this representation are called real flag manifolds. We need the following result: 

Proposition B.l. Take xq € a such that 7(xo) 7^ for all 7 G $. Then the stabilizer of xq 
in K is equal to M . 

Proof. By |Du-Ko-Vat Proposition 1.2] the stabilizer K^^^ of Xq satisfies 

K,, = MKl, 

where K^^ denotes the identity component of K^^^. The Lie algebra of Kx^^ is the commutator 
of Xq in t. From the root decomposition IB.lt this is the same as m. Thus we have K^^ C M 
and consequently K^^ = M. □ 

Consequently, we can identify 

X ■= Mg{K)xo = K/M. 
From this we can see that there is a canonical embedding of the Weyl group W in X. 
The natural action of i^' on X extends to an action of G. This arises from the identification 

X = K/M = KAN /MAN = G/MAN, 

where we take into account that MAN is a subgroup of G. The cell decomposition of X we 
will describe in the following theorem uses the embedding W G X and also the action of G 
on X. The proof can be found in |Du-Ko-Vat Section 3]. 

Theorem B.2. f |Du-Ko-Vap (a) We have 
(B.2) ^ = U 

(b) Fix w G W . The map — Nw, x ^ exp{x)w is a diffeomorphism. The sum in 

the domain runs over all 7 G such that w~^'~f G 
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(c) The decomposition W. 2\) makes X into a CW complex. 

The cells Nw, w E W are usually referred to as Schubert cells. 
Let us now consider the following root space decomposition of s: 

(B.3) 5 = a+ s-y, 

7G<J>+ 

where 

= (g^ + 0^^) (Is = {x e s : [h, [/i, x]] = ^{h)^x for all h E a}. 

We can easily see that both and are M invariant, where M acts via the Adjoint 
representation. The following result seems to be known. Since we didn't find it clearly 
stated and proved in the literature, we included a proof of it. 

Proposition B.3. //7 G then the map Q : s^, given by Q{x) = x — Ox, for all 

X E is an M-equivariant linear isomorphism. 

Proof. First, since 6^(0^) = 6 is well defined, in the sense that it maps to s^. The 
map is also injective: x — 6x = and x E Q.y implies x = 0. The map is also surjective: if 
y E s^, then we can write it as y = yi + ?/2, with yi E and ?/2 £ Q--y] since y E s, we have 
9{y) = —y, which implies y2 = —9{yi), thus y = yi — 0{yi) = ©(l/i)- The M-equivariance of 
G follows from the M-equivariance of ^. □ 

We now take into account that the map described in Theorem IB. 21 (b) is M-equivariant, 
where M acts on the domain by the Adjoint representation and on the codomain via the G 
action on X. We deduce: 

Corollary B.4. Fix w E W . We have an M-equivariant diffeomorphism between the Schu- 
bert cell Nw and the space Yl^i^ where the sum runs over all 7 E $^ such that w^'^'y E 

Appendix C. The symmetric space -E'6(-26) /-^4 

In this section we will outline the construction of the (non-compact) symmetric space 
mentioned in the title. We will try to make more clear several things mentioned in Section 
12.21 For instance, we will prove that the root spaces in the decomposition described by 
Equation fIB.Sp are the f)-^ described in Section 12. 2[ This is an important fact, because it 



allows us to deduce the presentation of Ca given by Equation (12. 9p from Theorem IB. 21 (b) 
and Proposition IB. 31 The main reference of this section is Freudenthal's article [F?] . 

Recall that by Definition I2.1.2| the group of all linear transformations of f)3(0) which 
preserve the product o is F4. We define the determinant function on f)3(0), by 

111 

det(a) = -tr(a o a o a) tr(a o a)tra H — (tra)^, 

3 2 6 

for all a E f)3(0). Let us consider the group of all linear transformations of f)3(0) which leave 

the determinant invariant. It turns out that this group is just i?6(~26) (see Section [2^2] for the 
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definition of tliis group). From tlie formula of the determinant above we deduce easily that 
Eq(~-26) contains F4. Less obvious is that the latter group is a maximal compact subgroup of 
the former one. The Lie algebra f4 consists of all linear transformations of f)3(0) of the form 

b:UO)^hm, b{y) = [b,y], 

where 6 is a 3 x 3 matrix with entries in O such that b = —6* (that is, b is sqew-Hermitian). 
Here and everywhere else in this section [ , ] denotes the usual matrix commutator. The 
corresponding Cartan decomposition of Cg{-26) is described in the following proposition (see 
jF?! end of Section 8.1.1]): 

Proposition C.l. Ifc is in the Lie algebra e6(-26)j then there exists a G [)3(0) and 6 a 3 x 3 
sqew-Hermitian matrix with entries in O such that c = b + a. The matrices a and b are 
uniquely determined by c. By a one denotes the transformation o/[)3(0) given by 

a : 1^3(0) ^ [)3(0), a{y) =aoy, for all y G 1^3(0). 

We see from here that e6(-26) = f4 + f)3(C!)) is a Cartan decomposition, as already mentioned 
in Section [2^ 

Note that the elements of e6(-26) are linear endomorphisms of (33(0). We denote the Lie 
bracket by [ , it is given by the commutator of the endomorphisms. We need the following 
lemma: 

Lemma C.2. //a,x G i)l{0), then 

(i) [x,a]* = ^[x,a] 

(a) [x, [x,d]^]^ = ^[x, [x,a]]. 

Proof, (i) For any y G [33(0) we have 

[x,a],(y) = x{a{y)) - a{x{y)) = x o {a o y) - a o {x o y) = i[[x,a],?/]. 

(ii) For any y G [)3(0) we have 

4[£, [x,a\^]^{y) = [x, [x,a]]^{y) = x{[x,a]{y)) - [x,a]{x{y)) 

= xo {[[x, a],y])- [[x, a],xoy] = [x, [x, a]] o y. 

□ 

Let us now identify f)3(0) with the subspace {x : x E f)3(0)} of e6{-26)- From Equation 
(ii) above we deduce that c)° is a maximal abelian subspace of 1)3(0). A vector a G [33(0) is 
a root vector with respect to a root 7 if 

[x, [x, d]*]^, = 7(x)^a, 

for all X G c)°. Again from Equation (ii) we deduce the roots of the symmetric space 
Eq[-2Q)/ Fi with respect to ()° are the functions \{x2 — X3), \{xi — X2), and \{xi — x^) and 
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their negatives (see also Equation (12. 5p ). The corresponding root spaces are the spaces 
, [)^2 ! ciiid 1)^3 described in Section I2.2[ 



References 

[Ad] J. F. Adams, Lectures on Exceptional Lie Groups, The University of Chicago Press, Chicago, 

1996 

[Ba] J. Baez, The octonions, BuU. Amer. Math. Soc. 39 (2001), 145-205 

[Be-Ge-Ge] I. N. Bernstein, I. M. Gelfand and S. I. Gelfand, Schubert cells and cohomology of the space 
G/P, Russian Math. Surveys 28 (1973), 1-26 

[Br-tD] T. Brocker and T. torn Dieck, Representations of Compact Lie Groups, Graduate Texts in Math- 
ematics, voL 98, Springer- Verlag, Berhn, 1985 

[Du-Ko-Va] J. J. Duistermaat, J. A. C. Kolk, and V. S. Varadarajan, Functions, flows, and oscillatory 
integrals on flag manifolds and conjugacy classes in real semisimple Lie groups, Compositio 
Math. 49 (1983), 309-398 

[Fr] H. Freudenthal, Oktaven, Ausnahmegruppen und Oktavengeometrie, Geom. Dedicata 19 (1985), 

7-63 

[Go-Ko-Ma] M. Goresky, R. Kottwitz, and R. MacPherson, Equivariant cohomology, Koszul duality, and the 

localization theorem, Invent. Math. 131 (1998), 25-83 
[Gu-Gi-Ka] V. Guillcmin, V. Ginzburg, and Y. Karshon, Moment Maps, Cobordisms, and Hamiltonian 

Group Actions, Mathematical Surveys and Monographs, voL 89, Amer. Math. Soc, Rhode Island, 

2002 

[Ha-Hc-Ho] M. Harada, A. Henriques and T. Holm, Computation of generalized equivariant cohomologies of 
Kac-Moody flag varieties. Adv. Math. 197 (2005), 198 - 221 

[He] S. Helgason, Differential Geometry, Lie Groups, and Symmetric Spaces, Graduate Studies in 

Mathematics 34, American Mathematical Society, Providence, Rhode Island, 2001 

[Hs-Pa-Te] W.-Y. Hsiang, R. S. Palais and C.-L. Terng, Topology of isoparametric submanifolds. Jour. Dif- 
ferential Geom., 27 (1988), 423-460 

[Ha-Ho] J.-C. Hausmann and T. S. Holm, Conjugation spaces and edges of compatible torus actions, 
preprint larXiv: 0807 .32891 

[Ho-Sj] T. S. Holm and R. Sjamaar, Torsion and abelianization in equivariant cohomology, preprint 
.arXiv : math/0607069 

[Hu] J. E. Humphreys, Reflection Croups and Coxeter Groups, Cambridge studies in advanced math- 

ematics, vol. 29, Cambridge University Press, Cambridge, 1990 
[Kon] A. Kono, On the integral cohomology of B Spin (n), J. Math. Kyoto Univ. 26 (1986), 333-337 

[Kos-Ku] B. Kostant and S. Kumar, T-equivariant K-theory of generalized flag varieties, J. Differential 

Geom., 32 (1990), 549-603 
[Mai] A.-L. Mare, Equivariant cohomology of real flag manifolds, Diff. Geom. Appl. 24 (2006), 223-229 
[Ma2] A.-L. Mare, Equivariant cohomology of quaternionic flag manifolds, J. Algebra 319 (2008), 2830- 
2844 

[Ma-Wi] A.-L. Mare and M. Willems, Equivariant K-theory of quaternionic flag manifolds, preprint 

arXiy : 0710 . 3766, to appear in the Journal of K-Theory 
[Mc] J. McLeod, The Kiinneth formula in equivariant K-theory, Algebraic Topology, Waterloo, 1978 

(Proc. Conf., Univ. Waterloo, Waterloo, Ont., 1978), Lecture Notes in Mathematics, vol. 741, 

pp. 316-333, Springer- Verlag, Berhn, 1979 
[Mu] S. Murakami, Exceptional simple Lie groups and related topics in recent differential geometry. 

Differential Geometry and Topology, Lecture Notes in Mathematics, vol. 1369, Springer- Verlag, 

Berhn, 1988 



TOPOLOGY OF THE OCTONIONIC FLAG MANIFOLD 



41 



[Se] G. Segal, Equivariant K-theory, Inst. Hautes Etudes Sci. Publ. Math. 34 (1968), 129-151 

[Yo] M. Yokotani, The integral cohomology rings of F4,/ Spin{n) and Eq / Spin{m) , Math. J. Okayama 

Univ. 34 (1992), 181-193 

Augustin-Liviu Mare, Department of Mathematics and Statistics, University of Regina, Col- 
lege West 307.14, Regina, Saskatchewan, S4S 0A2 Canada 

E-mail address: marealQmath.uregina. ca 

Matthieu Willems, Department of Mathematics and Statistics, University of Ottawa, 585 
King Edward, Ottawa, Ontario, KIN 6N5 Canada 

E-mail address: inatthieu.willeins@polytechnique.org 



